Abstract. We investigate similarity classes of arithmetic lattices in the plane. We introduce a natural height function on the set of such similarity classes, and give asymptotic estimates on the number of all arithmetic similarity classes, semi-stable arithmetic similarity classes, and well-rounded arithmetic similarity classes of bounded height as the bound tends to infinity. We also briefly discuss some properties of the j-invariant corresponding to similarity classes of planar lattices.
Introduction
Throughout this paper, we will be discussing lattices of full rank in the Euclidean plane R 2 . Two such lattices L and M are said to be similar if L = αU M for some α ∈ R >0 and a real orthogonal matrix U ; this is an equivalence relation on the space of planar lattices. In other words, similarity is an equivalence relation on the space of planar lattices under the action of the group R + × O 2 (R).
A lattice L in R 2 can always be written as L = AZ 2 , where A is a 2 × 2 basis matrix. We associate a positive definite binary quadratic form to it: Q A (x, y) = (x y)A t A(x y) t , so that for every a = A(x y) t ∈ L for some (x y) t ∈ Z 2 , a 2 = Q A (x, y), where stands for the usual Euclidean norm. The lattice L is called arithmetic if the entries of the coefficient matrix A t A of the quadratic form Q A span a onedimensional vector space over Q, i.e., Q A is a scalar multiple of an integral form: this property is independent of the choice of the basis matrix A. Arithmetic lattices are similar to integral lattices and play an essential role in the arithmetic theory of quadratic forms; see, for instance, [4] and [5] for an exposition of this theory.
Given a lattice L in R 2 , let us define its successive minima 0 < λ 1 (L) ≤ λ 2 (L) to be given by λ i (L) := min {r ∈ R >0 : dim R span R (B(r) ∩ L) ≥ i} , where B(r) is the disk of radius r centered at the origin in R 2 . We will call linearly independent vectors x, y ∈ L with the property that x = λ 1 (L) and y = λ 2 (L) the vectors corresponding to successive minima. It is well-known that every planar lattice L has a basis of vectors corresponding to successive minima with the angle between these vectors in the interval [π/3, π/2] (see, for instance, [6] for details); we will refer to it as a minimal basis for L. The lattice L is called well-rounded (abbreviated WR) if λ 1 (L) = λ 2 (L). WR lattices are important in lattice theory, discrete optimization and a variety of connected areas (see [10] for further information). Another important class of lattices are the so-called semistable lattices, which were studied in the context of reduction theory; see [3] for an extensive overview of this area. A planar lattice L is called semi-stable if
and if this inequality is strict, we will say that L is stable. Planar WR lattices are semi-stable: this is strictly a 2-dimensional phenomenon, as in higher dimensions the notions of WR and semi-stable lattices are independent. The investigation of properties of planar semi-stable lattices has been recently initiated in [7] . It is easy to see that an arithmetic lattice can be similar only to another arithmetic lattice, a WR lattice only to another WR lattice, and semi-stable lattice only to another semi-stable lattice. One can therefore talk about arithmetic, WR, and semi-stable similarity classes of planar lattices. These can be parameterized as follows. Let H = {τ = a + bi : b ≥ 0} ⊂ C be the upper half-plane, and let
We will also define
so, loosely speaking, F is "half" of D. Every point τ = a + bi ∈ F can be identified with a lattice
Let L be a lattice with a minimal basis x, y, so that x = λ 1 (L), y = λ 2 (L), and the angle between these vectors is in the interval [π/3, π/2]. Clearly L is similar to L = 1 λ1(L) L, and, rotating if necessary, we can ensure that the image of x under this similarity coincides with e 1 := 1 0 . Then the image y of y must have its first coordinate between 0 and 1/2, since otherwise ±(y −e 1 ) ∈ L would be a shorter vector than y and still linearly independent with e 1 . Furthermore, reflecting over e 1 , if necessary, we can assume that y has a positive second coordinate. In other words, every planar lattice L is similar to a lattice of the form Λ τ for some τ ∈ F, and it is a well-known fact that it is similar to precisely one such lattice. Hence, F can be thought of as the space of similarity classes of lattices in R 2 .
Remark 1.1. In fact, the region D is also the standard fundamental domain for the action of SL 2 (Z) on H by linear transformations; see, for instance, [3] for a nice exposition of this construction and its (somewhat coincidental) connection to similarity classes of lattices. Let g ∈ SL 2 (Z) and τ ∈ F. On the one hand, g is acting on τ by the corresponding fractional linear transformation: τ → g(τ ); on the other hand, one can define an action on Λ τ by right matrix multiplication by g −1 :
As indicated in [3] (p. 609), these two actions are the same, i.e. Λ g(τ ) = gΛ τ . Notice, however, that in general the lattice gΛ τ is not similar to the lattice Λ τ . Figure 1 . Space of lattices in R 2 with WR and semi-stable subregions marked by colors. Now, similarity classes of arithmetic lattices correspond to Λ τ with τ ∈ F of the form
In addition, the similarity class is semi-stable if and only if
On the other hand, from the definition of WR lattices, one can easily deduce that they correspond precisely to the similarity classes of Λ τ with τ ∈ F such that |τ | = 1. These observations combined imply that arithmetic WR similarity classes of lattices in R 2 are parameterized precisely by the lattices Λ τ with This naive height function satisfies the Northcott's finiteness property; i.e., the number of arithmetic similarity classes with m(Λ τ (a,b,c,d) ) ≤ T is finite for every real number T . Our main result is a counting estimate on the number of such similarity classes.
, and let
, and as T → ∞,
and 
Then the volume of F is 1/2 of the volume of D = π/6 and the volume of the part of F under the line y = 1, corresponding to semi-stable lattices, as indicated in Figure 1 , has volume π/6 − 1/2. Hence the proportion of semi-stable similarity classes is (π/6 − 1/2)6/π = 0.04507034144 . . . We develop our technical tools in Section 2: we discuss some estimates on the Euler ϕ-function and some related arithmetic functions, as well as derive an asymptotic estimate on a certain sum. We then use the estimates of Section 2 in Section 3 to prove Theorem 1.1. Further, in Section 4 we compare our height function to the usual Weil height on algebraic numbers, and in Section 5 we comment on the values of the j-invariant of the lattices we study in this paper. We are now ready to proceed.
Order of some arithmetic functions
In this section, we record estimates on the order of magnitude of some standard arithmetic functions, which will be useful to us later. We start by recalling a standard estimate on the average order of Euler's ϕ-function: it can be found, for instance, as Theorem 330 on p. 268 of [8] .
Here is a related estimate, which is closely connected with the probability of an integer being squarefree and can also be found in [8] .
Next we discuss an estimate on the restricted Euler ϕ-function. Let 0 ≤ α < β ≤ 1 be fixed real numbers. For a positive integer n we write ω(n) for the number of distinct prime factors of n. Let
Proof. By the principle of inclusion and exclusion we have
where
Here, for a real number x we write [x] and {x} for its integer and fractional part, respectively. Summing up the above equalities we get
and the desired inequality follows because
Remark 2.1. More generally, by the same argument, we get that if I ⊂ R is any finite interval, then
Since ω(n) log n/ log log n, we have that 2 ω(n) = n o(1) as n → ∞. Since ϕ(n) n/ log log n, it follows by Lemma 2.3 that
It is also well-known that 2 ω(n) ≤ d(n) ≤ √ 3n for all n, where d(n) is the number of divisors of n.
As Lemmas 2.1 and 2.2, these estimates are standard in analytic number theory and can be found in [8] . Finally, combining Lemma 2.1 with (6) and Lemma 2.4, we obtain an average estimate on ϕ α,β .
Finally, we will need a formula for a certain sum.
Lemma 2.6. We have
Proof. Let χ b (n) be the characteristic function of the positive integers co-prime to b; that is, χ b (n) = 1 is gcd(b, n) = 1 and χ b (n) = 0, otherwise. By the principle of inclusion and exclusion,
We now apply the Abel summation formula (see, for instance, [9] ) to establish that
Counting estimates
In this section, we give counting estimates for sets of integer vectors parameterizing arithmetic similarity classes of planar lattices and prove Theorem 1.1. For an infinite subset S ⊆ Z n , n ≥ 1, and T ∈ Z >0 , we define the finite set
and let |S(T )| be the cardinality of this set. Let
and for every (a, b) ∈ A, let τ (a, b) = τ be as in (4). As we discussed in Section 1, WR arithmetic similarity classes are in bijective correspondence with elements of A. We give a simple counting estimate of the cardinality of A(T ). 
Now the result follows from Lemma 2.1 above.
In a similar manner as above, all arithmetic similarity classes are in bijective correspondence with elements of the set (8)
while all semi-stable arithmetic similarity classes are in bijective correspondence with elements of the set
where B is as in (8) as above. Specifically, the correspondence is given by
where τ (a, b, c, d) is as in (1). In the next lemma, we provide estimates on the cardinalities of the sets B(T ) and C(T ).
as well as
Proof. By definition of the sets B and C, we see that
1, and
by (6) . Notice also that the number of integers relatively prime with d in each interval of the form [nd, (n + 1)d] is ϕ(d), and so for each fixed triple a, b, d,
as T → ∞, by (6) . Combining (12) with (15), we see that as T → ∞,
Combining Lemmas 2.1, 2.2, and 2.4, we obtain:
Similarly, combining (13) and (14) with Lemmas 2.1 and 2.4, we see that
and hence
We now need to estimate |C(T )|. Lemma 2.6 implies that
by Lemmas 2.1 and 2.4. Putting this observation together with (16), we have:
which gives (11) . We obtain (10) by combining (17) with (11) and Lemma 3.1.
Remark 3.1. Notice that A C B, and
Hence, the two-dimensional set A, parameterizing WR arithmetic similarity classes of planar lattices, can be viewed as a co-dimension two subset of the four dimensional sets C and B, parameterizing semi-stable and all arithmetic similarity classes of planar lattices, respectively.
Proof of Theorem 1.1. Now Theorem 1.1 follows from Lemmas 3.1 and 3.2.
Heights on lattices
In this section, we compare our height m on lattices Λ τ with the height function induced by the usual Weil height (see, for instance, [2] for the properties of height functions). First recall that our naive maximum height function is given by (5) . Let us also recall the definition of Weil height h : Q → R ≥1 . Let K be a number field of degree d = [K : Q], M (K) be the set of all places of K, and
be the local degree of K at v ∈ M (K). For each place v ∈ M (K) we define the absolute value | | v to be the unique absolute value on K v that extends either the usual absolute value on R or C if v|∞, or the usual p-adic absolute value on Q p if v|p, where p is a prime. With this choice of absolute values, the product formula reads as follows:
for each x ∈ K n . This height function is homogeneous, in the sense that it is defined on the projective space over K n thanks to the product formula (19). We now define the inhomogeneous Weil height
for all τ ∈ K. Notice that, due to the normalizing exponent 1/d in (20), our heights are absolute, meaning that they do not depend on the number field of definition: in other words, if τ ∈ Q, then h(τ ) will be the same evaluated over any number field containing τ . Therefore we have defined the necessary height functions over Q. We also recall here the Northcott property, satisfied by the Weil height: the set
is finite for any α, β ∈ R. Now, suppose that L is a full rank arithmetic lattice in R 2 and write L for its similarity class. Then there exists a unique τ (a, b, c, d) ∈ F as in (1) a, b, c, d) ).
If in addition Λ τ is WR, then
Proof. Let (a, b, c, d) ∈ B and τ be as in (1)
, and K has two pairs of complex conjugate embeddings, giving rise to two archimedean places, call them v 1 and v 2 , with local degrees equal to 2. For k = 1, 2,
Hence,
We obtain (21) by putting together (23) , and so
where K is an imaginary quadratic field, and hence has one pair of complex conjugate embeddings giving rise to one arhimedean place, call it v 1 , with local degree 2. Notice that
, which establishes (22).
The j-invariant of planar lattices
As we know, similarity classes of planar arithmetic lattices are represented by Λ τ with τ as in (1) . In fact, for each such τ there is a unique value of the modular jfunction, j(τ ), which is precisely the j-invariant of the corresponding elliptic curve, realized as the complex torus C/Λ τ . Hence, we can think of j(τ ) as the j-invariant of the corresponding lattice Λ τ . In this section we discuss some properties of these j-invariants in terms of the properties of the corresponding lattices. First we recall some basic properties of the j-invariant, which can be found in many standard textbooks (see, for instance, [1] ).
(1) Analyticity: the function j(τ ) is holomorphic on the upper half-plane.
(2) Invariance: if 1, τ and 1, τ are bases of the same lattice, then j(τ ) = j(τ ). Equivalently, the function j is 1-periodic and satisfies j(−1/τ ) = j(τ ). (3) Fourier expansion: let q = e 2πiτ , then
with positive integers c(n). This expansion implies that j(−τ ) = j(τ ), where bar denotes complex conjugation, as usual. Note that we only used the fact that c(n) are real numbers here. (4) Bijectivity: In the fundamental domain, the function j takes every value z ∈ C exactly once. In other words, for every z ∈ C, the equation j(τ ) = z has a unique solution τ ∈ D \ {e iθ : π/2 < θ < 2π/3}. This is why it is called "invariant": the bases 1, τ and 1, τ determine the same lattice (i.e., two elliptic curves are isomorphic over C) if and only if j(τ ) = j(τ ). With these properties in mind, we can now prove several simple lemmas.
Lemma 5.1. If τ = e iθ with 0 < θ < π, then j(τ ) ∈ R.
Proof. Since τ = e iθ , τ = 1/τ , and so j(τ ) = j(−1/τ ) by the invariance property (2) above. On the other hand, j(−1/τ ) = j(−τ ) since −τ = −1/τ . Now, j(−τ ) = j(τ ) by the Fourier expansion property (3) above. We conclude that j(τ ) = j(τ ), as required.
Lemma 5.2. For τ = e iθ with π/3 ≤ θ ≤ π/2, the function j(τ ) takes all real values in the interval 0 ≤ j(τ ) ≤ 1.
Proof. Consider the function f (θ) = j(e iθ ). We already know that f ([π/3, π/2]) ⊂ R. Since j is holomorphic, f ∈ C ∞ . Then f must be monotonic increasing from 0 to 1: otherwise j(e iθ ) would take some value twice, contradicting the bijectivity property (4) above.
Note that similar analysis allows one to easily describe all τ for which j(τ ) is real. We can now state basic properties of the j-invariant in terms of the properties of the representative Λ τ of planar similarity classes.
Proposition 5.4. Let τ ∈ F.
(1) Λ τ is WR if and only if j(τ ) is real and belongs to the interval [0, 1].
(2) Suppose τ is algebraic. Then Λ τ is arithmetic if and only if j(τ ) is algebraic.
Proof. To prove part (1), recall that Λ τ is WR if and only if |τ | = 1. Now apply Lemmas 5.1 and 5.2. Next we prove part (2) . It is a well-known fact (see, for instance, Theorem 15.3 of [11] ) that for algebraic τ , j(τ ) is algebraic if and only if τ is a quadratic irrational. Hence, if j(τ ) is algebraic then τ ∈ F is a quadratic irrational; i.e., τ = α + iβ with 0 ≤ α ≤ 1/2 and α 2 + β 2 ≥ 1, and
Therefore α and β 2 are rational numbers; i.e., τ is of the form (1), and so Λ τ is arithmetic. Conversely, if Λ τ is arithmetic, then τ is as in (1) , that is a quadratic irrational, so j(τ ) is algebraic.
Remark 5.1. Assume τ = τ (a, b, c, d) as in (1) . It is also a well-known fact (see, for instance, Chapter 15 of [11] ) that degree of the algebraic number j(τ ) is the class number of the quadratic imaginary number field Q(τ ) = Q( −c/d) = Q( √ −D), where D ∈ Z >0 is the squarefree part of cd. Estimates by Siegel [12] imply that class number of Q(τ ), and hence degree of j(τ ), grows like O( √ D) as D → ∞.
